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Photon orbits and thermodynamic phase transition of d-dimensional charged AdS
black holes
Shao-Wen Wei ∗, Yu-Xiao Liu †
Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China
We study the relationship between the null geodesics and thermodynamic phase transition for the
charged AdS black hole. In the reduced parameter space, we find that there exist non-monotonic
behaviors of the photon sphere radius and the minimum impact parameter for the pressure below its
critical value. The study also shows that the changes of the photon sphere radius and the minimum
impact parameter can serve as order parameters for the small-large black hole phase transition. In
particular, these changes have an universal exponent of 1
2
near the critical point for any dimension
d of spacetime. These results imply that there may exist universal critical behavior of gravity near
the thermodynamic critical point of the black hole system.
PACS numbers: 04.70.Dy, 04.50.Gh, 04.25.-g
I. INTRODUCTION
Recently, there is an extensive study on the black hole thermodynamics in the extended phase space with the
cosmological constant being treated as pressure [1–7]. Interestingly, Kubiznak and Mann observed the thermodynamic
stable small-large black hole phase transition for the four-dimensional charged AdS black holes [8], which mimics
qualitatively the behavior of the Van der Waals (vdW) fluid. Such small-large black hole phase transition can be
traced back to Refs. [9–12]. Shortly thereafter, the study was generalized to other black hole systems, and some
abundant phase structures were discovered, such as the reentrant phase transition, triple point, isolated critical point,
and superfluid black hole phase [13–27] (for a recent review see [28] and references therein).
Probing the small-large black hole phase transition is an interesting subject. In Ref. [29], the authors found that there
is a dramatic change in the slope of the quasinormal modes (QNMs) before and after the black hole’s thermodynamic
phase transition. This provides us a dynamic probe for the phase transition. The study was also extended to other
AdS black holes [30–34]. These results imply that at low temperature or pressure, the phase transition can be
effectively probed by measuring the change of the slope of the QNM frequencies. While at high temperature or
pressure, extra measurement should be introduced, such as the non-monotonic behaviors of the imaginary part of the
QNM frequencies [34].
On the other hand, we would like to study whether there exist some relationships between the gravity and ther-
modynamics for the black hole system. In Refs. [35, 36], the authors pointed out that the presence of photon orbits
signals a possible York-Hawking-Page type phase transition. Using the stable photon orbit, the effect of a negative
cosmological constant on the instabilities of black hole spacetimes was investigated in Ref. [37].
From the side of gravity, the null geodesics plays a center and important role in the black hole physics. In particularly,
the photon sphere has a close relation with the strong gravitational effects near the black hole, such as the lensing,
shadow, as well as the gravitational waves [38–45]. In general, there are two key quantities correspond to the photon
sphere. One is the radius of the photon sphere, and another is the impact parameter related to the photon sphere
radius. In this paper, we would like to examine the behavior of the photon sphere radius and the impact parameter
when the black hole phase transition takes place. Certainly, it is also worth investigating the critical phenomena.
These results will shed some new lights on the critical behavior of gravity near the critical point of the black hole
thermodynamic phase transition.
This work is organized as follows. In Sec. II, we study the geodesics for the charged AdS black hole. And the
photon sphere radius and the impact parameter are introduced. In Sec. III, we obtain the photon sphere radius and
the impact parameter for the four-dimensional black hole case. In the reduced parameter space, both of them are
found to have the non-monotonic behavior when the phase transition occurs. Moreover, the changes of the radius and
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2the impact parameter during the phase transition can serve as the order parameters to describe the black hole phase
transition. The critical exponent of these changes near the critical point are also obtained. This result is generalized
to higher-dimensional black hole case in Sec. IV. Finally, the conclusions and discussions are presented in Sec. V.
II. NULL GEODESICS OF CHARGED ADS BLACK HOLE
The solution for a charged static and spherically symmetric black hole in d(≥ 4)-dimensional spacetime is
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2(d−2), (1)
At = −
√
d− 2
2(d− 3)
q
rd−3
, (2)
where dΩ2(d−2) is the line element on the unit (d − 2)-dimensional sphere S(d−2) with the usual angular coordinates
θi ∈ [0, pi] (i = 1, · · · , d− 3) and φ ∈ [0, 2pi], and the metric function f(r) reads
f(r) = 1− m
rd−3
+
q2
r2(d−3)
+
16piPr2
(d− 1)(d− 2) . (3)
Here the pressure P is related to the cosmological constant P = −Λ/8pi, and the parameters m and q, respectively,
correspond to the black hole mass M and charge Q as
M =
d− 2
16pi
ωd−2m, Q =
√
2(d− 2)(d− 3)
8pi
ωd−2q, (4)
where ωd−2 =
2pi(d−1)/2
Γ((d−1)/2) is the volume of the unit sphere S
(d−2). The black hole temperature and entropy read
T =
1
4pi(d− 2)rh
(
16pir2h
(
P − (d− 2)(d− 3)
2
q2r
2(2−d)
h
)
+ (d− 5)d+ 6
)
, (5)
S =
1
4
ωd−2 r
d−2
h . (6)
It is known that this d-dimensional charged AdS black hole exhibits a vdW like phase transition, with the critical
point given by [13]
Tc =
4(d− 3)2
(d− 2)(2d− 5)pivc × q
− 1d−3 ,
Pc =
(d− 3)2
(d− 2)2piv2c
× q− 2d−3 , (7)
Sc =
ωd−2
4
(
(d− 2)
4
vc
)d−2
× q d−2d−3 ,
where the critical specific volume is given by
vc =
4
d− 2 ((d− 2)(2d− 5))
1/(2d−6)
. (8)
It is clear that this critical point closely depends on the black hole charge. Moreover, we would like to show the
thermodynamic quantities in the reduced parameter space, where a reduced quantity is defined as A˜ = AAc . Then the
reduced temperature or state equation will of the form
T˜ =
S˜
5−2d
d−2
4(d− 2)(d− 3) ×
[
−1 + (2d− 5)S˜2
(
(d− 3)P˜ + (d− 2)S˜− 2d−2
)]
. (9)
Interestingly, there is no charge parameter in the reduced temperature.
3Now, we would like to consider a free photon orbiting around a black hole on the equatorial hyperplane defined by
θi =
pi
2 for i = 1, · · · , d− 3. Then the Lagrangian is
2L = −f(r)t˙2 + r˙2/f(r) + r2φ˙2. (10)
The dot over a symbol denotes the ordinary differentiation with respect to an affine parameter. From this Lagrangian,
the generalized momentum can be calculated with pµ =
∂L
∂x˙µ = gµν x˙
ν , which gives
pt = −f(r)t˙ ≡ −E = const, (11)
pφ = r
2φ˙ ≡ L = const, (12)
pr = r˙/f(r), (13)
where E and L denote the energy and orbital angular momentum of the photon, respectively. Solving Eqs. (11) and
(12), we easily get the t motion and φ motion
t˙ =
E
f(r)
, (14)
φ˙ =
L
r2 sin2 θ
. (15)
The Hamiltonian for this system is
2H = 2(pµx˙µ − L)
= −f(r)t˙2 + r˙2/f(r) + r2φ˙2
= −Et˙+ Lφ˙+ r˙2/f(r) = 0. (16)
With the help of the t motion and φ motion, we can obtain the radial r motion, which can be expressed as
r˙2 + Veff = 0. (17)
The effective potential is
Veff =
L2
r2
f(r) − E2. (18)
As an example, we plot the effective potential in Fig. 1 for the four-dimensional charged AdS black hole with fixed
parameters S=5, Q=1, and P=0.003. The orbital angular momentum L of the photon varies from 0.8 to 4.4. Since
r˙2 >0, we require Veff < 0. So the photon can only appear in the range of negative Veff . For small L, the photon
can fall into the black hole from a place with large r. However, for large L, the peak of the potential will above zero,
then the photon will be reflected before it falls into the black hole. Between the two cases, there exists a critical case
described by the red thick line. Its peak just approaches zero at about r=2.28. At that point, the photon has zero
radial velocity. So the photon will round the black hole at that radial distance. For a spherically symmetric static
black hole, it corresponds to the photon sphere. In this paper, we mainly discuss the relation between this photon
sphere and the thermodynamic phase transition of the black hole. The circular unstable photon sphere is determined
by
Veff = 0,
∂Veff
∂r
= 0,
∂2Veff
∂r2
< 0. (19)
Solving the second equation, one can find that the radius rps satisfies
2f(rps)− rps∂rf(rps) = 0. (20)
For a given metric function f(r), we can obtain rps. Then solving the first equation, the minimum impact parameter
or the critical angular momentum of the photon is
ups =
Lc
E
=
r√
f(r)
∣∣∣∣
rps
. (21)
Consider a photon starting from a place far away from the black hole and then passing by it, one will find that ups
has a close relation with the deflection angle of the photon. This is just the phenomenon of the black hole lensing.
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FIG. 1: The effective potential for the four-dimensional charged AdS black hole. The parameters are set to S=5, Q=1, and
P=0.003. The angular momentum L/E of the photon varies from 0.8 to 4.4 from bottom to top (in the right side). The red
thick line has the critical angular momentum Lc/E ≈3.6.
For a photon of large impact parameter u, its deflection angle is small. However when u gradually tends to ups,
the deflection angle will get larger and larger, and will be unbounded when ups is arrived. So the minimum impact
parameter ups plays an important role in the black hole lensing [46].
Therefore, for a photon sphere, rps and ups are two key quantities. In the following sections, we will investigate the
detailed behaviors of rps and ups near the small-large black hole phase transition, and discuss whether these quantities
carry the phase transition information.
III. d=4-DIMENSIONAL CHARGED ADS BLACK HOLE
For the four-dimensional charged AdS black hole, the temperature in the reduced parameter space is
T˜ =
3P˜ S˜2 + 6S˜ − 1
8S˜3/2
. (22)
This state equation describes a vdW like phase transition. The coexistence curve of small and large black holes starts
at P=0, and ends at a second-order critical point given in Eq. (7). For the four-dimensional case, the critical point
is [8]
Tc =
√
6
18piQ
, Pc =
1
96piQ2
, Sc = 6piQ
2. (23)
Fortunately, there exists an analytical form of the coexistence curve [47, 48], which in the reduced parameter space
reads
T˜ 2 =
1
2
P˜
(
3−
√
P˜
)
. (24)
Let us turn to the null geodesic. For the four-dimensional case, we have the metric function
f(r) = 1− 2M
r
+
Q2
r2
+
8
3
piPr2. (25)
Solving Eq. (20), we obtain the radius of the photon sphere
rps =
1
2
(3M +
√
9M2 − 8Q2). (26)
It is clear that this result is exactly equal to that of the asymptotically flat charged black hole, which may mean
that the pressure P does not affect the photon sphere. However, we need to note that the mass M of the black hole
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FIG. 2: (a) T˜ vs. r˜ps for fixed reduced pressure P˜=0.9, 0.94, 0.98, 1.0, and 1.02 from bottom to top. (b) T˜ vs. u˜ps for fixed
P˜=0.7, 0.8, 0.9, 1.0, and 1.1 from bottom to top.
depends on the pressure,
M =
S(8PS + 3) + 3piQ2
6
√
piS
. (27)
Plunging it into Eq. (26), we will have the radius of the photon sphere
rps =
3piQ2 + S(3 + 8PS) +
√
(3piQ2 + S(3 + 8PS))2 − 32piQ2S
4
√
piS
. (28)
It is clear that, for fixed charge Q and entropy S, the radius rps closely depends on the pressure P . At the critical
point of the phase transition given in (23), we have the critical radius
rpsc = (2 +
√
6)Q ≈ 4.45Q. (29)
Then in the reduced parameter space, we get
r˜ps ≡ rps
rpsc
=
3 + 3S˜(6 + P˜ S˜) +
√
3
(
3P˜ 2S˜4 + 36P˜ S˜3 + 6(18 + P˜ )S˜2 − 28S˜ + 3
)
8(3 +
√
6)
√
S˜
. (30)
Combining with (22), we can plot the reduced temperature T˜ as a function of the photon sphere radius r˜ps for fixed
pressure P˜ , which is shown in Fig. 2(a). From it, we can see that for the case P˜ <1, there will be a non-monotonic
behavior. One local maximum and one minimum are presented. While for the case P˜ >1, the non-monotonic behavior
disappears, and the reduced temperature T˜ is only a monotone increasing function of r˜ps. For P˜ = 1, a deflection
point can be found at r˜ps = 1. Such behavior of the reduced temperature is very similar to the isobar of the vdW
fluid in the T˜ -S˜ chart, which indicates that a first-order phase transition exists. By constructing the equal area law
at the isobar, we can determine the phase transition point for the vdW fluid or for the black hole. For our case, one
may apply the same technique in this T˜ -r˜ps chart. A detailed analysis implies that the coexistence curve calculated
by it approximately meets Eq. (22). However, strictly speaking, one must obtain the coexistence curve from the free
energy or by constructing appropriate equal area law.
On the other hand, plunging rps into (21), one can obtain the minimum impact parameter ups. However, it is in a
complicated form and we will not show it. Nevertheless, we have the critical minimum impact parameter
upsc =
(3 +
√
6)2Q√
19 + 8
√
6
≈ 4.78Q. (31)
We also show the behavior of T˜ as a function of u˜ps in Fig. 2(b). Interestingly, it also confirms a non-monotonic
behavior for P˜ < 1. And that behavior disappears for P˜ ≥ 1. Although such non-monotonic behavior in the T˜ -r˜ps
chart and T˜ -u˜ps chart cannot be used to determined the thermodynamic small-large black hole phase transition by
constructing the equal area laws, it does demonstrate that such non-monotonic behavior indicates the existence of
the phase transition.
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FIG. 3: T˜ vs. r˜ps for fixed P˜=0.9. The horizontal line BD corresponds to the phase transition temperature T˜=0.9608.
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FIG. 4: Behaviors of ∆r˜ps and ∆u˜ps as a function of the phase transition temperature T˜ . (a) ∆r˜ps vs. T˜ . (b) ∆u˜ps vs. T˜ .
In order to examine the changes of the photon sphere radius and the minimum impact parameter before and after
the small-large black hole phase transition, we plot the reduced temperature as a function of the photon sphere radius
with fixed P˜=0.9 in Fig. 3 for example. The horizontal line BD corresponds to the black hole phase transition with
temperature T˜=0.9608, which is determined by Eq. (22). With the increase of r˜ps, the black hole phase transition
occurs at the horizontal line BD. The photon sphere radius before and after the phase transition is r˜ps1 = 0.7385 and
r˜ps2 = 1.4669. So, the photon sphere radius has a sudden change ∆r˜ps=0.7284 among the black hole phase transition.
Increasing the temperature or pressure such that the critical point is approached, one will find r˜ps1 = r˜ps2 = 1, which
leads to ∆r˜ps=0. Thus if one observes a sudden change, then the black hole system must experience a first-order
phase transition. The minimum impact parameter also possesses such behavior. We present the change of ∆r˜ps and
∆u˜ps in Fig. 4. From it, we can see that both ∆r˜ps and ∆u˜ps decrease with the phase transition temperature T˜ ,
and approach to zero at T˜=1, where the first-order phase transition becomes a second-order one. Moreover, such
pattern reminds us that ∆r˜ps and ∆u˜ps can serve as the order parameters for the black hole phase transition. It is
also interesting to see whether they have the critical exponent near the critical point. For this purpose, we expend
them near T˜=1, which gives
∆r˜ps ∼ 3.4641× (1− T˜ ) 12 +O((1 − T˜ ) 32 ), (32)
∆u˜ps ∼ 1.1981× (1− T˜ ) 12 +O((1 − T˜ ) 32 ). (33)
This result exactly confirms that both ∆r˜ps and ∆u˜ps have the same critical exponent at the critical point. More
importantly, the critical exponents of them are equal to 12 , which is the same as that of these order parameters from
the thermodynamic side, such as the specific volume or number density [49]. Thus this novel property strongly implies
that there does exist a relationship between the photon orbits and thermodynamic phase transition of the black hole.
IV. d ≥ 5-DIMENSIONAL CHARGED ADS BLACK HOLE
For the higher-dimensional charged AdS black hole, there also exists the small-large black hole phase transition.
Similar to the four-dimensional case, we can obtain the photon sphere radius rps and the minimum impact parameter
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FIG. 5: (a) T˜ vs. r˜ps and (b) T˜ vs. u˜ps for fixed reduced pressure P˜=0.8, and the dimension of spacetime d=6-10. The arrows
indicate the increase of d.
ups for d ≥ 5 by solving Eqs. (20) and (21). Since they have lengthy expressions, we will not show them. The critical
values of rps and ups are listed in Table I. Both of them are proportional to Q
1/(d−3). And these coefficients decrease
with the dimension d of spacetime.
d 5 6 7 8 9 10
rpsc/Q
1/(d−3) 1.9701 1.5593 1.4135 1.3497 1.3213 1.3109
upsc/Q
1/(d−3) 1.6625 1.2065 1.0491 0.9788 0.9447 0.9285
TABLE I: Critical values of rps and ups.
In Fig. 5, we plot the behavior of the reduced temperature T˜ as a function of r˜ps or u˜ps with fixed P˜=0.8 for
d=5-10, respectively. These curves obviously show the non-monotonic behavior, which indicates a first-order phase
transition. In fact, the small-large black hole phase transition does exist for this case P˜=0.8. However, different from
the d=4 case, there are no analytic forms of the coexistence curves for d ≥ 5. Fortunately, we have obtained the
fitting formula of the coexistence curves by fitting the numerical data in Ref. [19], which is in the form
P˜ =
10∑
i=0
aiT˜
i, T˜ ∈ (0, 1). (34)
It is worth to mention here that our fitting formula of the coexistence curve agrees with the numerical values to 10−7.
By making use of this fitting formula, we can get the sudden changes of the r˜ps and u˜ps. For clear, we show them
in Fig. 6 as a function of the phase transition temperature. Similar to the four-dimensional case, ∆r˜ps and ∆u˜ps
decrease with the phase transition temperature T˜ , and approach to zero at T˜=1. So even in the higher-dimensional
black hole case, ∆r˜ps and ∆u˜ps can serve as order parameters to describe the black hole phase transition. Moreover,
we can also find that, for fixed temperature, both ∆r˜ps and ∆u˜ps decrease with the dimension of spacetime.
d 5 6 7 8 9 10
∆r˜ps a 2.7249 2.2345 1.9207 1.7052 1.5464 1.4237
δ 0.5048 0.5037 0.5028 0.5024 0.5023 0.5023
∆u˜ps a 0.9560 0.8117 0.7209 0.6585 0.6112 0.5740
δ 0.5067 0.5070 0.5069 0.5072 0.5073 0.5075
TABLE II: Fitting coefficients of a and δ for ∆r˜ps and ∆u˜ps near the critical temperature T˜=1.
Also, we are expected to investigate the critical behavior of ∆r˜ps and ∆u˜ps near the critical temperature T˜=1.
Here we fit the numerical coefficients of ∆r˜ps and ∆u˜ps to the following form
∆r˜ps, ∆u˜ps ∼ a× (1− T˜ )δ. (35)
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FIG. 6: Behaviors of ∆r˜ps and ∆u˜ps as functions of the phase transition temperature T˜ . (a) ∆r˜ps vs. T˜ . (b) ∆u˜ps vs. T˜ . The
dimension of spacetime is set to d=5-10 from top to bottom.
The fitting results are given in Table II, from which we can see that the values of the parameter a for both ∆r˜ps and
∆u˜ps decrease with d. More importantly, we obtain the result that the values of the exponent parameter b are all
around 12 with error smaller than 1.5%. So the exponent δ is an universal parameter, which is consistent with the
analytic value of the d=4 case. This result further confirms that there exists a relationship between the photon orbits
and thermodynamic phase transition of the charged AdS black holes.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we studied the relationship between the photon orbits and thermodynamic phase transition of the
charged AdS black hole. The photon sphere radius rps and minimum impact parameter ups of the photon orbits were
examined in detail.
By solving the null geodesics, the expressions of rps and ups were obtained. In the reduced parameter space, both
r˜ps and u˜ps are charge independent. The small-large black hole phase transition also shares this interesting property.
For some certain pressures below the critical case, we found that there appear the non-monotonic behaviors both in
T˜ -r˜ps and T˜ -u˜ps charts. When the pressure is larger than its critical value, these non-monotonic behaviors disappear.
So this suggests that there exists an obvious relationship between the thermodynamic phase transition and the non-
monotonic behaviors of r˜ps and u˜ps. This non-monotonic behavior also implies that there are sudden changes of r˜ps
and u˜ps when the first-order black hole phase transition takes place. For any value of d, we found that the changes
∆r˜ps and ∆u˜ps decrease with the phase transition temperature, and vanish at the critical temperature. So they can
serve as order parameters for the thermodynamic phase transition of the black hole.
Moreover, we also investigated the critical behavior of ∆r˜ps and ∆u˜ps near the critical temperature. For d=4, we
obtained the analytic critical exponent δ = 12 for ∆r˜ps and ∆u˜ps, which is the same as that of other order parameters
from the thermodynamic side. On the other hand, for the higher-dimensional black hole, there is no the analytic
value. However, with the fitting method, we found the values of the critical exponent δ for d=5-10 are approximately
equal to 12 . So for any d-dimensional charged AdS black hole, ∆r˜ps and ∆u˜ps have a universal critical exponent. This
further confirms the existence of the relationship between the photon orbits and thermodynamic phase transition of
the black hole system.
Before ending this paper, we emphasize that thermodynamic phase transition is encoded in and can be revealed by
the sudden change of the photon sphere radius and minimum impact parameter of the black hole. And we conjecture
that this is a universal property for the black hole system. Next, it is worthwhile to generalize our study to other
black hole systems. Moreover, since rps and ups are closely related to the gravity effects of the black hole, finding
the relationship between the thermodynamic phase transition and some astronomical observables is also worthwhile
to pursue.
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